The Finite Difference Element Method (FDEM) is a black-box solver that solves by a finite difference method arbitrary nonlinear systems of elliptic and parabolic partial differential equations (PDEs) on an unstructured FEM grid in 2D or 3D. For each node we generate difference formulas of consistency order q with a sophisticated algorithm. An unprecedented feature for such a general black-box is the error estimate that is computed together with the solution. In this paper we present the numerical simulation of the laser beam cutting of a metal sheet. This is a free boundary problem where we compute the temperature and the form of the melt front in the metal sheet. During the cutting process, the numerical stabilization of the melt front is a great challenge.
Finite Difference Element Method FDEM
FDEM is an unprecedented generalization of the FDM on an unstructured FEM mesh. It is a black-box solver for arbitrary nonlinear systems of 2D and 3D elliptic or parabolic PDEs. With certain restrictions it can be used also for hyperbolic PDEs. If the unknown solution is u.t; x; y; z/, the operator for PDEs and BCs (boundary conditions) is (2.4.1) and (2.4.2) in [7] : P u Á P .t; x; y; z; u; u t ; u x ; u y ; u z ; u xx ; u yy ; u zz ; u xy ; u xz ; u yz / D 0: 
As we have a black-box solver, the PDEs and BCs and their Jacobian matrices of type (2.4.6) in [7] must be entered as Fortran code in prescribed frames. The geometry of the domain of solution is entered as a FEM mesh with triangles in 2D and tetrahedra in 3D. The domain may be composed of subdomains with different PDEs and non-matching grid. From the element list and its inverted list, we select for each node more than the necessary number of nodes for difference formulas of a given consistency order q. By a sophisticated algorithm, the necessary optimal nodes are determined from this set, see Sect. 2.2 in [7] . From the difference of formulas of different consistency order, we get an estimate of the discretization error. If we want e.g., the discretization error for u x , and u x;d;q denotes the difference formula of consistency order q, the error estimate d x is defined by
i.e., by the difference to the order q C 2. This has a built-in self-control: If this is not a "better" formula, the error estimate shows large error.
With such error estimates, we can explicitly compute the error of the solution by the error equation (2.4.8) in [7] . The knowledge of the error allows local mesh refinement and control of the space consistency order, see Sect. 2.5 in [7] . There we also explain the computation of the time step size t and the selection of the consistency order p in time direction for parabolic problems. There is also computed a global error estimate in time direction that gives the history of the discretization and linearization errors in time.
A special problem for a black-box solver is the efficient parallelization with MPI. The user enters his domain by the FEM mesh, and we use a 1D domain decomposition with overlap to distribute the data to the processors, see Sect. 2.8 in [7] . A detailed report on the parallelization is [1] . The resulting large and sparse linear system is solved by the LINSOL program package [6] that is also efficiently parallelized for iterative methods of CG type and (I)LU preconditioning.
The One-Phase Problem
Laser cutting is a thermal separation process widely used in shaping and contour cutting applications. The cutting process is described with a spatial 3D Free Boundary Problem for the motion of one-phase boundary. In cutting, the interaction of the gaseous, liquid and solid domains takes place only across spatially 2D surfaces. The solid volume˝. / (Fig. 1) is bounded by the absorption front C . / and the bottom surface . /. A part of the absorption front is a free boundary called the melt front
